I. Introduction
Although the exterior stationary problem for the Navier-Stokes equations has been proved by Leray [1] to possess a solution under very general circumstances, it is unknown even in the case of small data whether Leray's solution of the problem is unique or whether it may be formed as the limit of a nonstationary solution as t~ oo. In this paper we prove that for a particular class of prescribed boundary values there is exactly one stationary solution attainable as the hmit, starting from rest, of a physically reasonable nonstationary solutiom Our method is based on a global existence theorem for the initial boundary value problem which we prove under hypotheses that allow time dependent boundary values and a time dependent velocity at infinity. This theorem assures the unique solvability of the initial boundary value problem whenever there is an approximate solution which is sufficiently good and satisfies a stability condition.
This existence theorem has also enabled us to state simple conditions sufficient to ensure the stability of nonstationary solutions of the I~avier-Stokes equations defined in arbitrary three-dimensional regions.
The Navier-Stokes equations govern fluid motion in the theory of viscous incompressible flow. The exterior stationary problem for the l~avier-Stokes equations consists of finding, in the region exterior to a dosed bounded surface, time independent velocity and pressure functions which together solve the equations and are such that the velocity function assumes given values on the surface and tends to a prescribed limit at infinity.
Of course, stationary flow occurs in nature only as the limit of nonstationary flow.
Presumably solutions of the exterior stationary problem model fluid flows which may be obtained by performing the following ideahzed experiment with the right choice of prescribed data. An object is immersed in a fluid which occupies all three-dimensional space exterior to it. Initially both the object and the fluid are at rest and subsequently the object undergoes a smooth acceleration to some constant velocity which is then maintained indefinitely. During the period of acceleration, time dependent boundary values may be prescribed for the fluid velocity at the surface of the object, but these arc stabilized as the object attains constant velocity. Afterwards, with conditions held fixed, the fluid is expected to approach steady motion as seen by an observer moving with the body. In this paper we will call a solution of the exterior stationary problem attainable if it occurs as the limit as t-+ ~ of a nonstationary solution of the Navier-Stokes equations which models such an experiment. The precise definition of attainable solution, given in Section 6, is made without reference to any pre-existing class of stationary solutions and in effect serves to introduce a new class of solutions.
Finn [2, 3, 4, 5] has studied the exterior stationary problem within the class of solutions, termed by him physically reasonable, which tend to a limit at infinity like Ix] -89 for some ~ >0. For small data he proved both existence and uniqueness within this class. Further, he showed that flows described by physically reasonable stationary solutions exert drag forces and exhibit paraboloidal wake regions behind objects. Finn has conjectured [6] that for sufficiently small data these solutions are attainable in the sense described above and he proposed this problem to the author. In w 6 of this paper we prove Finn's conjecture when the difference between the physically reasonable solution and its limit at infinity is square summable, a condition equivalent to there being no net force exerted by the fluid on the object; see Finn [7] . Furthermore, when the physically reasonable solution is sufficiently small and satisfies this summability condition we prove that no other solution of the exterior stationary problem is attainable.
In this case at least, Leray's solution of the exterior stationary problem is either identical to Finn's or else is unattainable and therefore of doubtful physical significance. Section 7 contains two global existence theorems and two stability theorems. The first existence theorem is applicable to arbitrary spacial domains while the second is applicable only to interior domains--domains, either bounded or unbounded, for which the Poincar4 inequality holds. A feature of the second theorem which greatly extends its potential usefulness for the study of flow in infinite pipes is that the total energy input made over infinite time is not assumed to be finite. The stability theorems we give follow readily from the existence theorems; they guarantee stability in the strict sense.
That is, a solution u(x, t) is stable if, for any sufficiently small perturbation u,(x) of the initial data, the initial boundary value problem has a solution which equals u(x, O)+ u,(x) at t=O and which converges to u(x, t) as t-~. The boundary values prescribed for the perturbed solution are equal to those assumed by u.
The results of this paper depend upon the investigation of the initial boundary value problem for the Navier-Stokes equations in cases where the prescribed data are nonhomogeneous and time dependent. In general we pose the problem in a noninertial coordinate frame, such as one attached to an accelerated body, thereby introducing a time dependent velocity at infinity. In order to define a generMized solution for this problem and in order to reduce the problem to a homogeneous one, it is necessary to introduce a class of admissible extensions of the prescribed initial and boundary data into the space-time region where a solution is sought. This is a somewhat delicate matter because the spacial domain is generally unbounded. It is important for much of our work that the class of admissible extensions contain certain known solutions and approximate solutions. Also, the class of generalized solutions defined in terms of these admissible extensions should include all classical solutions which are sufficiently well behaved at infinity. On the other hand, certain restrictions must be placed on the class of admissible extensions so that integrals appearing in the definition of generalized solution will make sense and so that the uniqueness of generalized solutions may be proved.
In order to obtain uniqueness, we require that admissible extensions of the data represent only motions which remain unaccelerated at infinity relative to inertial coordinate frames.
This type of condition is more natural in the definition of a generalized solution than a condition on the behavior of the pressure at infinity such as that used by Graffi [8] to prove uniqueness for classical solutions. Section 2 is devoted to preliminaries. In Section 3 the initial boundary value problem is posed and its generalized solutions are shown to be unique and to satisfy an energy equality. Section 4 contains abstract conditions ensuring the convergence of Galerkin approximations to solutions and ensuring the convergence of nonstationary solutions to stationary solutions. Section 5 contains most of the a priori estimates on which the main results in sections 6 and 7 are based.
Preliminaries
The region occupied by the fluid is represented by an open subset ~2 of R 3. The coordinates of position in ~ are denoted by x = (x,, x~, xa), and the time variable by t.
The space-time domain ~ • (0, T) is denoted by QT. We let u represent the flow velocity, ~o the pressure, and f the prescribed external force density; these are functions of x and t.
The coefficient of kinematic viscosity is denoted by ~.
All functions in this paper are either R or Ra-valued; in the latter case they are The following lemmas are well known. The constant in Lemma 1 is due to Serrin [9] . Proofs of Lemmas 2 and 3 may be found in [10] . 
The initial boundary value problem
We shall pose the initial boundary value problem for the Navier--Stokes equations in a form suitable for the study of flow exterior to a body which may undergo acceleration.
In order that the region ~ occupied by the fluid may be time independent, we write the equations in a coordinate frame attached to the body. This frame will in general undergo translational acceleration relative to inertial frames, and the negative of this acceleration must be inserted into the equations of motion as a uniform force field applied throughout space to the fluid. When ~ is an exterior domain, say the exterior of a finite object with boundary ~, we assume the existence of an inertial reference frame in which the fluid velocities tend to zero far from the object, and we denote by -b~(t) the prescribed velocity with which the object moves relative to this inertial frame. Thus (d/dO b~(t), abbreviated b~t(t), appears as a fictitious body force in the equations of motion when written in a coordinate frame attached to the object, and the condition at infinity, ut(x, t)-+b~t(t) as x-+M, is imposed on the fluid's acceleration. Our formulation of the initial boundary value problem is also suitable for the study of flow in an interior domain, even for an unbounded one such as the interior of a pipe. However, if ~ is an interior domain we assume coordinate frames attached to ~2 are inertial and set b~t(t)=0.
We shall concern ourselves only with the global existence problem, that is with finding solutions defined in ~ • (0, ~ ), abbreviated Q~. We shall denote the fluid's initial velocity distribution by b0(x, 0) and the generally time-dependent boundary values prescribed on ~ • (0, ~) by b0(x, t). Thus b 0 is defined on ~Q~.
Consider, then, the problem of finding a solution pair u, p of ut +u. Vu = -VP +vAu + f + b~ (1)
in Q~ which takes given initial and boundary data, and for which ut tends to a prescribed limit at infinity if ~ is an unbounded domain:
ut(x, t) -+ b~t(t) as x~ oo if ~ is an unbounded domain.
When ~ is an exterior domain we assume that bo(x, 0)-+boo(0) as x~ ~. We always assume the prescribed data f(x, t), bo(x, t), and boat(t) permit b0 to be extended continuously into Qoo as a solenoidal function b(x, t) which for all T>0 satisfies:
(ii) bt+b.Vb-vAb-f-bootEL2(Qr), and
We call such extensions of the initial and boundary data admissible. Throughout this paper we set g =P(bt + b'Vb-yAh-f-b~t), where P denotes the orthogonal projection
of L2(~2) onto J(~).
We call u a generalized solution of (1), (2) 
Ilb,(x, t) -g, (x, t)II w~r -<< II bt(x, t) -b~t (t)ll w~(~, + liE, (x, t) -bat(t)II w~(a) -< c~ for all t ~ [0, T]. Consequently, if h represents b -/) or any one of its first or second order
x-partial derivatives, we have fo(; fofo; 
Abstract lemmas concerning the choice of b
We shall employ Galerkin's method to prove the existence of generalized solutions. for the growth of these norms will be based on identities (7) and (8) below. Equation (7), which is formally an expression of energy conservation, holds for as long as v ~ continues to exist. It is obtained by multiplying each equation (6) By making an appropriate choice of b, the following lemma enables us to study the behavior of a solution as t-> co.
LV.MMi 7. Let u be a generalized solution o]
(1), (2) 
A priori estimates
Throughout this section Galerkin approximations v ~ will be denoted simply by v without the superscript. Furthermore, b will always denote an admissible extension of the data into Qoo and T will always be an arbitrary positive number. The first three lemmas below contain energy-type estimates for the Galerkin approximations derived under successively stronger assumptions regarding b and ~. If a generalized solution u of (1), (2) exists, these estimates also apply to v=u-b because of the energy equality, or rather its derivative (5). One consequence of Lemma 8 is that the Galerkin approximations exist on the whole interval [0,~). Furthermore, using only estimate (9) below one can prove that the problem (1), (2) always possesses a weak solution of the type introduced by Hopf [13] .
and
r where E(T) = e "r l[g(t)l[ e-"~dt. 
ellvv(T)ll ~ < W(T)(llv,(T)ll + [[g(T)[[},
From either (5) or (7) we obtain ld 2 dt Ilvll~ + ~ Ilv'll~ < (~-~)Ilvvll~ + llgll" Ilvll,
hence (d/SO llvll < llgll and Ilv(T)ll < W(T). Thus ld t ld 2 Ilvll'+ollvvll~< Ilgllw(O=~tw~(t)'
from which (11) follows. We obtain (12) by using the Schwarz inequality:
I 01lvvl] < ]~t Ilvl[ [+ llgllW < w{llvtll + llgll).

Remark. If the hypothesis of Lemma 9 holds only for tE[T o, T], with T0>0, one
still has (11) and (12) 
I[v(T)[[ < V(T) 03)
where
V(T)=e-~T~Tllg(t)lle~'tdt remains bounded i/ ]]g(t)l ] does and tends to zero as
Proo]. From either (5) or (7) 
_< 1 d ilvll ~ e Ilwll ~ ~ ~ + Ilgll" Ilvll < v(llv, ll § Ilgll}.
The behavior claimed for V(t) is obvious since if 0 ~< ~ ~< T, then
V(T) < 1 eO(,_T, s~p Ilg(t)ll § sup IIg(t)ll.
(
The following lemma does not apply directly to generalized solutions because its proof is based in part on identity (8) for the Galerkin approximations. However the estimates (15) together with Lemmas 6 and 9 ensure convergence of the approximations v ~ to a function v, which also satisfies (15) , such that u=v +b is a generalized solution.
By uniqueness then, Lemma 11 may be viewed as applying to generalized solutions. Because of (11), this can be integrated from 0 to T and the result is Hv,(T)H 2 <tan q). Now multiplying each term of (16) 
L E M M A 11. Suppose, in addition to the hypothesis o/Lemma 9, that ~ -~ sup% I bt (x, t) -br ]xl< co, and that q) defined by q) = tan -~ [{g(O)II ~ + { 88 Q-5 (1 + 'sup II g(t)ID W(T) + 8 ~ e-2} W 2 (T)
teiO
On the attainability of stationary solutions
In this section we shall think of g2 as an exterior domain although the proofs of our theorems do not depend upon this assumption. Our main interest, however, is in the more is known about them. Whether or not they provide physically acceptable models of fluid flow is uncertain as, in particular, it is unknown whether they are unique or stable or whether they occur as limits of time dependent motions. The following definitions make precise the notion of attainable solution which we described in Section 1.
Definition. We shall say that data b0, boo, f for the initiM boundary value problem Definition. For prescribed data w0, Woo, ~, we shall say that a locally square summable function w(x) is an attainable solution of the exterior stationary problem if and only if, for some choice of data b 0, boo, f which satisfies condition (F) with respect to w0, woo, ~, the initial boundary value problem (1), (2) Let T be a number sufficiently large that the conditions of (F) (iii) hold for all t~> T.
Let a(t) be a continuously differentiable real valued function defined for all t~>0 which vanishes for t ~ T and equals 1 for t >~ T § 1. Now, if we let b be any admissible extension of b 0 into Q~, the function b defined by
b(x, t) = (1-~(t))~(x, t)+ ~(t)w(x)
is an admissible extension of b 0 into Q~ which equals w(x) for all t>T+l. In order to check this one needs to known IIw(x)-Woo]l ~(~ < oo. We have assumed ]lw(x)-w~oil < ~o; Finn [5] has shown that the derivatives of w are square summable. 
Now let ~' be an arbitrary bounded subdomain of ~1. We will show that w=w in f~'. Prop] o~ Theorem 3. For the initial boundary value problem we prescribe data b0(x, t) = v(t)Wo(X), b~(t) = v(t)Woo, and f(x, t) = ~v(t) ~(x) where
Clearly b(x, t) = V(t)w(x) is an admissible extension of b 0 into Q~o, and the data satisfies (F).
Note that sup Iw(t) l = 1,
ly,2(t)-w(t)ldt=~, and ly/(t)(2w(t)-l)ldt= 89
We (11), (12), and (15) . According to Lemma 6, they converge to a limit v such that u=v § is a generalized solution of (1), (2) . Because v also satisfies (11) and (15) The forcing term g(t)=P(bt +b'Vb-~Ab-f-boo~) vanishes for t~> 1, since there is a solution of (1). To complete the proof through application of Lemmas 6, 7, 9 
(x, t)=u(x, t)+v(t)u, (x).
Assuming ~ satisfies the cone condition, b is an admissible extension of the given data into Q~ and supo ~ I bt I < ~. Also, sup~ I Vb I < vC~ 2 if supa I Vu, I is sufficiently small. For t >/1 we know b is a solution (1) and ~(t) = P(bt+ b" Vb -yah -t) is identically zero.
Exactly as was done in the proof of Theorem 5, we may show II (t)ll <Cllu, ~nd IIgt(t)H ~<CHu,]lw~(a)for all t>~0. Theorem 7 now follows by an application of Theorem 6.
Remarks. In an earlier paper [15] we proved stability of stationary solutions with respect to perturbations u,(x)eJl(~ ) n W~(s without a restriction on supa l u.(x)l. I xl as made in the proof of Theorem 5, or a restriction on supa ]Vu,(x)l as made in the proof of Theorem 7, These extra restrictions are unnecessary here also, but without them we need some additional, rather tedious, local estimates of the type used to prove local existence for large data.
Although available methods of proving global existence for the three.dimensional problem seem closely tied up with the matter of stability, it is otherwise in two dimensions.
For ~c R 2 the Sobolev inequality II~bl[~ ~< Hvcb u 9 H~II, for ~beJl(~ ), is stronger than the corresponding inequality in three dimensions, and this enables one to prove the following theorem which is well known for the homogeneous problem [10] . For ~c R 2, the initial boundary value problem (1) , (2) has a global generalized solution/or any data b o which can be admissibly extended into Qoo. Despite this, the stability problem seems more difficult in two dimensions than in three. For an interior two-dimensional domain ~, Theorem 7 holds and is proved almost exactly as it is for s 3. But if s is a two-dimensional exterior domain it seems necessary to assume [u(x, t)-uo~(t)l ~<C( Ix[ log Ix[ )-1 in order to prove stability. This condition is evidently not physically reasonable, at least not for the study of flow past a cylinder. Smith [16] has shown that within a class of "physically reasonable" stationary solutions, any solution u(x) which is constant on the surface of a cylinder and which tends to a constant u~ at infinity faster than [x[-~ is identically equal to u~o throughout s
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